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INTRODUCTION
Micro machining has become an important tech-
nique for fabrication of miniaturized components
for automotive, aerospace and biomedical appli-
cations [1][2]. Many micro machining areas, such
as, micro milling, micro drilling and micro grinding
[3] require a cnc machine tool with a high speed
spindle. High speed spindles are necessary for
increasing cutting speeds with small tools. As re-
searchers strive for more precise micro features
and smaller unit removal, the error motion of the
spindle [4] and tool runout become critical. Sig-
nificant improvements in the precision and accu-
racy of linear positioning stages within machine
tools now provide positioning resolutions on the
order of a nanometer. However, reductions in
the error motion of high-speed spindles remains
limited to values on the order of a micrometer.
This high dynamic runout causes poor tool life,
decreased precision, and increased roughness.
Spindles with speeds greater than 200,000 rpm
are limited to conventional aerodynamic bearings
[5]. These bearings are difficult to balance, which
leads to whirling of the rotor [6]. Also, accurate
alignment of a tool’s centerline with a spindle’s
axis-of-rotation is challenging with taper and col-
let tool holders.

Some alternatives to high-speed aerodynamic
spindles are under development or available for
particular applications. Some of these seek to al-
leviate the tool holder problem. Pathak [7] used
the tool shank directly as the rotor in a porous
graphite journal bearing. The tool shank was
driven by a traction roller powered by a high
speed spindle. Although the spindle achieved
speeds in excess of 400,000 rpm, the tool runout
was poor due to the error motion of the rotat-
ing traction roller. High speed spindles for micro
machining continue to be investigated at the Uni-
versity of Florida. Another alternative is used by

IDCT Microdrilling Systems [8]. Instead of plac-
ing the tool shank in a bearing, it is pinched be-
tween 3 cylindrical rollers. Two of the rollers are
powered, and one is an idler. The diameter ratio
between the rollers and the tool shank increases
the rotational speed. In this configuration, the tool
shank wanders slightly in the axial direction, and
IDCT utilizes this to actuate the tool axially by
skewing the cylindrical rollers. This technology
works well for micro drilling, but it is not suited
to micro milling or micro grinding since the tool
shank should be constrained in the axial direc-
tion.

This paper considers a new spindle concept that
incorporates a traction drive system that kinemat-
ically constrains the position and orientation of the
tool. The concept is similar to the kinematic spin-
dle described by Hii et al. [9] but with some crucial
differences. Here, the spindle’s rotor is supported
at contact points that are not stationary, and the
constraint lines supporting the rotor are oriented
so that they intersect at three points. This pa-
per describes the spindle concept, models for the
stiffness of the spindle, a model for predicting
quasi-static errors, and a method for determining
values of design parameters. These models are
applied in a case-study for evaluating the concept
prior to prototype construction.

DESIGN
Figure 1 illustrates some details of the
kinematically-constrained traction drive spin-
dle. The top view identifies two stationary air
bearing spindles and a third air bearing spindle
mounted on a single degree-of-freedom flexural
bearing. Six spherical rollers form the traction
drive and are attached to the top and bottom
surfaces of the three air bearing spindles. An
additional shaft (toolholder) holds the micro
machining tool and acts as the spindle’s rotor. It



is pinched between the six traction-drive rollers.
A single motor drives one of the stationary air
bearing spindles and causes the rotor/toolholder
to spint at a multiple of the air bearing spindles’
speed.

Each spherical roller contacts a conical surface
on the toolholder/rotor at a single contact point.
This establishes six constraint lines that intersect
the contact points normal to the contact surfaces.
These constraints establish the position and ori-
entation of the rotor/toolholder kinematically or in
an exact-constraint fashion [10]. The flexure pro-
vides a preload force between the traction rollers
and the rotor.
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FIGURE 1. Design of a kinematically-
constrained traction-drive spindle for micro ma-
chining

SYSTEM MODELING

Three-Dimensional Model
Figure 2 identifies the location of components
within the spindle using a system of vectors and
transformations between coordinate systems, the
forces applied at the tip of the tool, and the reac-
tion forces at six contact points. The position and
coordinate system of bearing #1 serves as the
origin of the system. The position vectors of the
bearing stators are denoted by Si where i = 1, 2, 3
represents the bearing number. The variable qi

represents any error between the bearing stators.
The variable αi represents rotation errors that oc-
cur between the bearing stators. The positions of
the rotors in the air bearing spindles are denoted
by Bi. The coordinate systems for the bearing

stators and rotors are denoted by {ŝi} and
{
b̂i

}
.

The transformation matrices that locate the bear-
ing stators and rotors may now be determined:

S2 = q21ŝ11 + q22z1ŝ12 + q23ŝ13 (1)

S3 = q31z2ŝ11 + q32z1/2ŝ12 + q33ŝ13 (2)

{ŝi} = [C1(αi1)] [C2(αi2)] [C3(αi3)] {ŝ1} (3){
b̂i

}
= [C1(θi1)] [C2(θi2)] [C3(θi3)] {ŝi} (4)

biBi = di + biSi (5)
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FIGURE 2. A) Diagram detailing geometric re-
lationships of the bearings and tool holder B)
Free body diagram of the tool holder with applied
forces



where [C1], [C2] and [C3] are direction cosine ma-
trices about the 1,2 and 3 directions, respectively.
The position of the tool holder is represented by U
with the coordinate system û. The contact points
are represented by Oik, where k = 1 represents
the lower points and k = 2 represents the up-
per points. The effective radius of each spherical
roller is denoted by rik, resulting in the following
equation:

∣∣OikBi

∣∣ = rik (6)

The points Oik lie on the conical surfaces of the
tool holder and are expressed by the following
equations in the û coordinate system as:

G1(uOi1) = 0 = uOi11
2 + uOi21

2

−tan2(λ) (uOi31 + lr/2)2(7)

G2(uOi2) = 0 = uOi12
2 + uOi22

2

−tan2(λ) (uOi32 − lr/2)2(8)

where lr is the distance between the cone ver-
tices. The vectors uOikBi are normal to the to the
conical surfaces at points Oik. The orthogonality
can be expressed by the following equation:

∇Gk(uOik) × uOikBi = 0 (9)

An assumption is made that Hertzian contact
points are infinitely stiff. The forces and moments
acting on each bearing can be summed and writ-
ten as follows:

2∑
k=1

biFik − [kdi] di = mid̈i (10)

2∑
k=1

biFik × biOikBi − [kθi] θi = Jiθ̈i (11)

where [kdi] is the linear stiffness matrix of each
bearing, [kθi] is the angular stiffness matrix of
each bearing, di is the linear displacement of the
bearing rotor, and θi is the angular displacement
of the bearing rotor. The forces and moments act-
ing on the tool holder are:

−
3∑

i=1

2∑
k=1

uFik + F = mud̈u (12)

−
3∑

i=1

2∑
k=1

uFik × uOikU + T = Juθ̈u (13)

where du is the linear displacement of the tool
holder, θu is the angular displacement of the tool

holder. F and T are the forces and torques ap-
plied by the tool. The 1 and 2 directions of the
û coordinate system can be arbitrarily selected,
and the forces and moments applied to the tool
are in these directions. Therefore, they are cho-
sen to be aligned with the 1 and 2 directions of
the reference coordinate system. These direction
vectors are found by the following equations:

û2 = û3 × [1 0 0] / |û3 × [1 0 0]| (14)

û1 = û2 × û3 (15)

The equations listed above represent a system
of 129 equations and the number of unknowns
is 135. Therefore, an analytical solution of the
tool holder and orientation cannot be found. In-
stead, a computational least squares optimization
approach is used. The inputs to the system are;
qi, αi, λ, ri,k, lr, [kdi]], [kθi], F and T .

Two-dimensional Model
Although the 3D analysis described above is solv-
able, its results are complex for optimizing the de-
sign parameters of the spindle. To develop de-
sign equations, the model is simplified to two di-
mensions as shown in Fig. 3. The loads and de-
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FIGURE 3. Simplified model of spindle kinemat-
ics neglecting out-of-plane forces and moments
flections in the 3-direction are ignored resulting in
a 2D kinematic system. Summing the forces at
each mass yields the following equations:

m1d̈1r + krd1r = −Ft1 (16)

m2d̈2r + krd2r = −Ft2 (17)

m3d̈3r + kfd3r = −Ft3 (18)

mud̈u1 − Ft3 +
1
2
Ft1 +

1
2
Ft2 = F1 (19)

mud̈u2 +
√

3
2

Ft1 −
√

3
2

Ft2 = F2 (20)



where Ft1, Ft2, Ft3 are the reaction forces at the
contacts, kr is the radial stiffness of the bear-
ings, and kf is the flexural bearing stiffness. As-
suming small angle approximations, the displace-
ments d1r, d2r and d3r can be related to du1, du2

and the change in length of the effective radii, q1r,
q2r and q3r.
⎧⎨
⎩

d1r + q1r

d2r + q2r

d3r + q3r

⎫⎬
⎭ =

1
2

⎡
⎣ −1 −√

3
−1

√
3

2 0

⎤
⎦

{
du1

du2

}
(21)

The masses m1,m2,m3 = mi because the bear-
ing rotors and spherical rollers are the same size.
The flexure stiffness, kf , is small to prevent de-
flections from affecting the preload; therefore, it is
negligible. Substituting Eqs. (16)(17)(18) and (21)
into Eqs. (19) and (20) yields:

(
mu + 3

2mi

)
d̈u1 + 1

2krdu1 = F1 + miq̈3r

− 1
2kr (q1r + q2r) − 1

2mi (q̈1r + q̈2r)
(22)

(
mu + 3

2mi

)
d̈u2 + 3

2krdu2 = Fy

+
√

3
2 mi (q̈2r − q̈1r) +

√
3

2 kr (q2r − q1r)
(23)

CASE STUDY
The case shown in Fig. 1 is studied using the
3D and 2D models. The rollers are mounted on
high precision air bearing spindles (Professional
Instruments, 3R Blockhead®) with the specifica-
tions listed in Table 1. Maximizing the size of the
rollers results in a reduction ratio of 6:1. Due to
the size the bearing, the contact diameter of the
rollers and tool holder is chosen as 152 mm and
25 mm, respectively. The maximum speed of the
air bearings is 15,000 rpm, therefore the maxi-
mum speed of the spindle is 90,000 rpm. The
angle, λ, is chosen to be 35° in order to mini-
mize material and size. Therefore, overall diame-
ter of the rollers is 152/cos(λ)=186 mm. The flex-
ure stiffness is chosen to be 0.088 N/µm, which
is 3 orders of magnitude below the bearing radial
stiffness.

Contact Stiffness
A key assumption in the analytical models is in-
finite stiffness at the contact points between the
spherical rollers and the tool holder. To confirm
this assumption, an analysis of the lubrication gap
is performed. The contact points will be lubricated
with a traction drive oil, Santotrac 50, which al-
lows the contact points to operate in the elasto-
hydrodynamic lubrication (EHL) regime, where
the lubrication behaves in a Newtonian manner
due to high pressure. The Hertzian contact and

TABLE 1. Specifications for Professional Instru-
ments 3R bearing

Parameter Value
radial stiffness [N/µm] 88
axial stiffness [N/µm] 260

angular stiffness [N-m/µrad] 0.18
rotor weight [N] 14

max rpm 15,000
torque req’d @ max rpm [N-m] 88

max working radial load [N] 140

TABLE 2. Specifications used for the EHL analy-
sis

Lubricant (Santotrac 50)
α [GPa−1] 28.7
η [Pa-s] 0.0284

solidification pressure [GPa] 1.07
dτ /dp 0.059

Spherical Roller
raduis [mm] 93

E [GPa] 310
ν 0.28

Tool Holder
radius [mm] 12.5

E [GPa] 220
ν 0.25

hydrodynamic analysis can be modeled as de-
scribed in [6].

Figure 4 is a plot of the EHL gap and the maxi-
mum shear torque versus the applied normal load
at the contact points. Silicon nitride and tung-
sten carbide are chosen as roller and tool holder
materials, respectively, due to the high hardness.
Elasto-hydrodynamic lubrication is not achieved
until the normal load is 66 N, therefore the mini-
mum preload for the spindle is 132 N. This force
is just below the maximum operating force of the
spindle, 140 N, therefore EHL can be achieved.
The change of the bearing gap is minimal over the
range of preload forces, therefore the assump-
tion of infinite stiffness is valid. Also, the maxi-
mum shear force is sufficient to provide the torque
necessary to overcome the torque due to viscous
shear in the air bearings.

Error Budget
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FIGURE 4. Plot of the EHL gap and maximum
shear force versus the applied normal load at the
Hertzian contacts

Positioning of the bearings is critical to the per-
formance of the EHL contacts. If the spindles’
axes-of-rotation are misaligned, the difference in
velocity, or slip, is high. The slip ratio is defined as
the difference in velocity divided by velocity. Re-
search has shown that slip ratio values above ap-
proximately 0.001 can cause the lubricant to be-
have in a non- Newtonian manner. This causes
the EHL analysis to be invalid. The velocity at
each of the contact points is calculated to deter-
mine the slip ratio.

vik = ωi

∣∣∣b̂i3 × OikBi

∣∣∣ (24)

vuk = ωu

∣∣û3 × OikU
∣∣ (25)

The bearing degrees of freedom that must be
considered are displacements in the b̂i3 direction
and rotations about the b̂i2 and b̂i3 directions. Var-
ious values of the displacements rotations are ap-
plied to the three-dimensional model, assuming
quasi-static conditions. The resulting slip is cal-
culated and plotted in Fig. 5. The maximum dis-
placement error occurs when q23 = −q33, and the
value is 127 µm. The maximum rotation error oc-
curs when α21 = α22 = −α31 = −α32, and the
value is 1.43 mrad.

Radial Stiffness
Equations (22) and (23) state that the stiffness of
the spindle should be 0.5kr in the û1 direction and
1.5kr in the û2 direction. The radial stiffness of
the air bearings is 0.5 lb/µ in therefore the stiff-
ness of the spindle should be 44 N/µm in the û1

direction and 132 N/µm in the û2 direction. Fig-
ure 6 is a polar plot the spindle stiffness at vari-
ous angles in the û1 − û2 plane, solved with the
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FIGURE 5. Plot of the slip ratio versus linear and
angular placement errors of the bearings

three-dimensional model. This plot confirms the
stiffness derived with the two-dimensional model.
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FIGURE 6. Polar plot of the spindle radial stiff-
ness due to loads in the û1 − û2 plane

Axial Stiffness
The quasi-static analysis is used to generate a
plot of the x, y and z deflections of the spindle
due to a load in the û3 direction, see Figure 7.
The x and y deflections are minimal, and the z
deflections follow a slope of 788 N/µm. The axial
stiffness of each air bearing is kz = 1.5 lb/µ, and
the total axial stiffness of the spindle is simply 3kz.

Angular Stiffness
Figure 8 is a plot of the angular stiffness at various
angles in the û1 − û2 plane. The stiffness scribes
a perfect circle with radius 27.5 lb-in/µrad. This
value is expected due to geometric symmetry of
the bearing. If the bearing rotors and tool holder
are considered a rigid body, the angular stiffness
can be solved by a simple beam with a spring at
each end. The following equation expresses that
relationship:

kθ =
3
2

(ri + ru)2 kz (26)
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Error Motion
Equations 22 and 23 are simple on degree-of-
freedom spring-mass equations. Assuming all of
the inputs are periodic, the displacements can be
expressed as:

x =
Fi1

1
2kr −

(
mu + 3

2mi

)
ω2

eiωt (27)

y =
Fi2

3
2kr −

(
mu + 3

2mi

)
ω2

eiωt (28)

where Fi1 and Fi2 are the right hand side of
Eqs. 22 and 23. The input frequency will depend
on the speed of the spindle, as well as the number
of undulations per revolution (UPR) on the sur-
face of the spherical rollers and tool holder.

SUMMARY AND FUTURE WORK
This paper developed models which can be used
to find the position a rotating tool holder held
within a kinematically-constrained traction-drive
spindle for various force and displacement inputs.
The results suggest that the spindle would exhibit
high stiffness and high speed. Several design
challenges remain to be addressed, such as the

removal of the tool holder from the spindle and
application of the traction oil.
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