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1. INTRODUCTION 
Sensors can be used to record a number of phenomena 
on mechanical structures. Applications of this sensor 
data include process metrology, condition-based 
maintenance, general fault diagnosis, and non-
destructive evaluation, for example. In many cases, the 
recorded information is dynamic in nature and 
minimum requirements for the sensor frequency 
response, in addition to accuracy, resolution, and 
durability, are required. However, even if a satisfactory 
sensor (or sensors) is selected, if the sensor cannot be 
placed directly at the point of interest, the structural 
dynamics between the two locations can adversely 
affect the measured signal through both scaling errors 
and distortion of the frequency content. In this work, a 
unified mathematical approach for assembly dynamics 
prediction using receptance coupling techniques is 
presented. The predicted models can be applied to 
remove the effects of structural dynamics on the 
measured data and select high signal-to-noise ratio 
sensor mounting locations. 
 
2. METHOD DESCRIPTION 
2.1 Compensation for non-ideal sensor location 
Substructure analysis, or component mode synthesis, 
methods have been used for several decades to predict 
the dynamic response of assemblies using 
measurements and/or models of the individual 
components, or substructures. These components can be 
represented by spatial mass, stiffness, and damping 
data; modal data; or receptances [e.g., 1-7]. The latter 
representation is generally preferred in situations where 
the assembly receptances are the desired analysis 
output, as is the case here. This research builds on the 
previous receptance coupling work by including both 
translational and rotational degrees of freedom and 
applying the assembly dynamics models to sensor data 
compensation. 
 
To demonstrate the method, consider the prismatic 
cantilever beam-cylinder assembly shown in Fig. 1, 
where a harmonic force, F1(t), is applied to the free end 
of the cylinder, coordinate X1, and the resulting 
displacement X1(t) is to be determined. The preferred 
solution is to place an appropriate linear transducer at 
this location and record the required displacement 
directly. However, if access to the cylinder is 
obstructed, it may be required to place the sensor 
remotely at coordinate X2, for example. Due to the 
change in cross-section and increased stiffness, there is 
reduced sensitivity to the X1 vibrations for X2 
measurements. Additionally, the vibration measured at 

X2 can be influenced by the assembly’s structural 
response between coordinates X1 and X2. Finally, X2 
may be located at a node of one of the assembly mode 
shapes. 

 
In order to determine X1(t) from X2 measurements, the 
following three steps are carried out. 
1. Measure the time-domain response X2(t) and Fourier 
transform to obtain the frequency-domain result X2(ω). 
2. The relationship between X2(ω) and F1(ω) can be 
expressed by: 
 

( ) ( )ωFHωX 1212 = ,   (1) 
 
where H21 is the assembly displacement-to-force cross 
receptance between coordinates X2 and X1. Solving for 

F1 gives ( ) (ωXHωF 2
-1

211 = ) . This result can be 
substituted in the equation relating X1(ω) and F1(ω) to 
obtain: 
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where H11 is the assembly displacement-to-force direct 
receptance at coordinate X1. 
3. Inverse Fourier transform X1(ω) to obtain X1(t). This 
result now provides the required information and 
removes the influence of the structural dynamics 
between X1 and X2. Note that the time-domain force, 
F1(t), is also available by inverse Fourier transforming 
F1(ω). 
 
To carry out these steps, the assembly displacement-to-
force receptances H11(ω) and H21(ω) must be known. 
The straightforward approach is to measure them 
directly using some external mechanical excitation, such 
as a hammer or shaker, and record the response using a 



linear transducer, e.g., accelerometer, vibrometer, or 
displacement probe. However, there may be situations 
where either the measurements are difficult to carry out 
(due to mechanical obstruction) or the assembly 
changes regularly (for example, multiple tools and 
holders may be used in a single milling spindle [8-13]). 
In these cases, an accurate model is required. 
 
One choice for developing the model is finite element 
analysis, or FEA, which can provide quality estimates of 
natural frequency and mode shapes. A current limitation 
of this method, however, is the treatment of joints, 
particularly the energy dissipation, or damping, at 
contact interfaces. This is critically important in the 
sensor data compensation proposed here because 
properly scaled assembly receptances, which depend 
strongly on damping, are required. In many cases, an 
FEA a priori prediction of assembly dynamics from 
design drawings is difficult or impossible. As an 
alternative, receptance coupling offers a hybrid method 
where measured receptances can be coupled to modeled 
receptances through appropriate connections, which can 
include both finite stiffness and non-zero damping. The 
general approach is to measure those components with 
difficult-to-predict behavior and model those 
components that are more suited to successful 
prediction using modeling techniques. 
 
To determine the dynamics for the assembly shown in 
Fig. 1 by receptance coupling, several considerations 
must be made. First, only displacement-to-force 
receptances, Hij, have been discussed so far. However, if 
accurate assembly predictions are to be made, all four 
bending receptances must be included in the component 
descriptions (i.e., displacement-to-force, Hij, 
displacement-to-moment, Lij, rotation-to-force, Nij, and 
rotation-to-moment, Pij). Second, the compatibility 
conditions at the component interfaces must be selected; 
these can be rigid, flexible with no damping, or flexible 
with damping. Third, the component receptances must 
be determined. If measurements are completed, care 
must be taken to accurately record all four receptances 
with adequate bandwidth and resolution. The steps 
required to predict the Fig. 1 assembly receptances 
follow. 
1. Define the components and coordinates for the 
model. In this simple example, two components can be 
defined: a prismatic cantilever and free-free cylinder 
(see Fig. 2). 
2. Describe the component receptances. Both 
measurements and models can be used. For the models, 
the closed-form receptance functions presented by 
Bishop and Johnson [1] for the analysis of flexural 
vibrations of uniform Euler-Bernoulli beams with free, 
fixed, sliding, and pinned boundary conditions are 
applied here. For example, the direct and cross 
receptances for the free-free cylinder due to the 
component forces f1(t) and f2(t), applied at coordinates 

x1(t) and x2(t), respectively, and moments m1(t) and 
m2(t), applied at θ1(t) and θ2(t), respectively, are 
compactly represented in Eq. (3) (lower case notation is 
used to designate component variables). 
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where Rij is the generalized receptance matrix that 
describes both translational and rotational component 
behavior [11]. The individual entries in these matrices 
depend on the boundary conditions and include 
contributions from both the rigid body (if applicable) 
and flexural modes. For example, at the right end of the 
free-free cylinder, the R11 matrix terms are: 
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where , m is the beam mass 
(kg), ω is the frequency 
(rad/s), L is the beam length (m), E is the elastic 
modulus (N/m2), I is the 2nd area moment of inertia 
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(m4), and η is the structural damping factor (unitless). 
[Damping was not included in reference [1], but has 
been added as part of this analysis.] These receptances 
can be used to couple components at their end points in 
order to determine assembly dynamics. 
3. Based on the selected model from step 1, express the 
assembly receptances (see Eq. (5), where upper case 
notation is used to designate assembly variables). These 
receptances are determined by first writing the 
component displacements/ rotations as shown in Eq. (6). 
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If the prismatic cantilever beam-cylinder assembly is 
considered to be a solid body with the cylindrical 
portion formed by turning one end of the beam down to 
its final diameter, for example, a rigid connection is 
applied at the component interface and the compatibility 
conditions are: 
 

u2 – u2b = 0 and ui = Ui, i = 1 to 2,   (7) 
 
where the latter expression specifies that the component 
and assembly coordinates are defined at the same spatial 
positions. The equilibrium conditions vary with the 
external force/moment location. To determine the first 
column of the assembly receptance matrix in Eq. (5), Q1 
is applied to coordinate U1. In this case, the equilibrium 
conditions are: 
 

q2 + q2b = 0 and q1 = Q1.   (8) 
 
Substitution of the component displacements/rotations 
and equilibrium conditions into the compatibility 
conditions yields q2 (see Eq. (9)). The expression for 
G11 is then given by Eq. (10). The other first column 
receptance is determined in a similar manner; G21 is 
shown in Eq. (11). To find the receptances in the second 
column, Q2 must be applied to U2. 
 

( ) 121
1

22222 QRRRq bb
−+−=   (9) 

 
Equations (10) and (11) contain the assembly 
receptances required to solve Eq. (2) for X1(t) from 
sensor data recorded at X2. In this example, these 
receptances were developed analytically using material 
properties and component geometry. However, any of 
the component response terms could also be replaced by 

actual measurement data (no curve fitting or modal 
parameter estimation is required). 
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2.2 Sensor location selection for high signal-to-noise 
The receptance coupling approach described in the 
previous section can also be used to predict assembly 
mode shapes and, therefore, enable the selection of 
sensor locations with improved signal-to-noise ratios. 
Again considering the assembly in Fig. 1, the previous 
two-coordinate model is most likely insufficient to 
generate usable mode shapes. However, any number of 
coordinates can be added to improve the mode shapes’ 
spatial resolution (within the limitations of Euler-
Bernoulli beam theory). The model is redefined in Fig. 
3 to include seven assembly coordinates, for example. 

For this model, the assembly receptance matrix (Eq. (5)) 
is rewritten as shown in Eq. (12). To determine the 49 
Gij entries, step 3 from the previous section is repeated 
multiple times for each column. For example, to 
determine the first column mode shapes, Q1 is applied to 
U1 as shown in Fig. 3. 
 
The G11 and G21 terms are again calculated using Eqs. 
(10) and (11). However, the assembly is now sectioned 
at coordinate U2 to define the two components. To find 
G31, the assembly is sectioned at U3 and the resulting 

equation is G . The 
recursive pattern can be observed to find the remaining 
terms in the column. 
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Note that this result differs from traditional modal 
analysis where the number of natural frequencies and 
mode shapes must be equal to the number of model 
spatial coordinates in order to obtain square matrices. In 
Eq. (14), all 49 entries in the Gij matrix are 2 by 2 by N 
matrices, where N is the number of points in the 
frequency vector, ω. Each of the receptances in these 
matrices includes all modes within the frequency range 
of interest. 
 
3. EXPERIMENTAL EVALUATION 
To verify the receptance coupling approach, frequency 
response measurements were carried out on a 827.9 mm 
x 76.2 mm x 16.1 mm plastic beam using a small impact 
hammer (PCB 086D80) to excite the beam and low 
mass accelerometer (PCB 352B10) to record the 
response [14]. Free-free boundary conditions were 
approximated by suspending the beam vertically from a 
thin flexible wire (a 2 mm diameter hole was drilled at 
one end). The receptance coupling model of the 
constant cross-section prismatic beam was verified by 
measuring the direct frequency response function (FRF) 
at the ‘free’ end of the beam (away from the wire 
suspension) and comparing to the predicted response. 
The predicted and measured direct FRF are shown in 
Fig. 5. To populate the receptance model, the beam 
mass (944.3 g) and dimensions were recorded and the 
2nd area moment of inertia was calculated. The modulus 
and structural damping factor were considered free 
parameters to enable a good fit between the model and 
data (E = 1.37x109 N/m2 and η = 0.035). 

 
Once the beam model was established, cross FRF 
measurements were completed and compared to the 
cross receptances determined according to the approach 
described in Section 2.2. The analytical mode shapes are 

compared to experimental results for the first three free-
free bending modes in Fig. 6. In each case, the mode 
shape maximum amplitude was normalized to one. 

3.1 Force prediction using acceleration data 
As described in Section 2.1, the externally applied force 
can be determined from the measured response and 
system FRF model. To verify this approach 
experimentally, the suspended plastic beam was excited 
at its ‘free’ end using the impact hammer and the 
response was measured at the same location using the 
accelerometer. Both signals were analog low-pass 
filtered with a cutoff frequency of 1 kHz prior to digital 
sampling at 50 kHz for 2 sec. The measured 
acceleration, a1(t), was then Fourier transformed and 
pre-multiplied by the inverted direct accelerance, equal 
to the product of -ω2 and the modeled direct receptance 
H11(ω)-1 (see Fig. 5), to find the frequency domain 

force, ( ) ( ) ( )ωAHωωF 2
1

-1
111 ⋅−= . This result was then 

inverse Fourier transformed and compared to the input 
force due to the hammer impact. The force results and 
measured acceleration are shown in Fig. 7. The reader 
may note that the ringing in the hammer force is due to 
the analog low pass filtering. 



3.2 Correction for accelerometer placement 
The exercise in Section 3.1 was repeated, except the 
accelerometer was not placed at the hammer input 
location. In this case, the hammer impact occurred 254 
mm from the beam ‘free’ end. If this position is referred 
to as X2, then the receptance H (ω) can be used to 
determine the force, . The 
H12(ω) receptance is found by artificially separating the 
beam into two components at X2 and then joining the 
components as described in Section 2.2. See Eq. (13), 
where the R12 and R22 cross and direct component 
receptances are determined using a 254 mm beam 
length, while the R2b2b direct receptances are calculated 
using a beam length of (827.9-254) = 573.9 mm. See 
Fig. 8. Note that incorrect results are obtained

12
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the displacement-to-force receptances are used, i.e., 

. ( )22221212 hhhH bb
−+= 2b2bh1

 

( ) 







=+= −

1212

1212
2b2b22221212 PN

LH
RRRRG 1

bb
     (13) 

 
3.3 Modified beam geometry 
For the next experiments, the beam geometry was 
modified by cutting away portions near the beam middle 
and tapering the beam ‘free’ end (Fig. 9). Using the 

previous modulus, density, and structural damping 
values, the modified beam model was produced by 
rigidly coupling the 15 constant geometry sections 
shown in Fig. 9. The measured and predicted direct 
receptance at the ‘free’ tapered end are shown in Fig. 
10. Reasonable agreement is seen, but the predicted 
natural frequencies for the higher order modes are 
increasingly too large. 

The force input was again reconstructed using 
accelerometer measurements at the tapered end and 
hammer impacts at: 1) the tapered end; and 2) 406.4 
mm from the ‘free’ end, in conjunction with the 
corresponding model receptances. The measured and 
predicted cross receptance at the 406.4 mm location are 
provided in Fig. 11. The model divergence at higher 
frequencies is again observed. 

The measured and predicted force signals for the 
modified beam are shown in Figs. 12 and 13. Figure 12 
shows the results for the force input at the beam tapered 
end, while Fig. 13 displays the results for hammer 
excitation 406.4 mm from the ‘free’ end. In both cases, 
additional content is seen in the predicted signal after 
the initial hammer impact. This extra (incorrect) force is 
due to the slight mismatch in natural frequencies 
between the model and actual beam. However, the 



reconstructed forces still provide reasonable 
representations of the actual impacts. 

 
4. CONCLUSIONS 
This paper describes the use of receptance coupling 
techniques to build dynamic models of assemblies in 
order to compensate for scaling and frequency distortion 
errors arising from non-ideal sensor placement on 
mechanical structures. The receptance coupling 
equations provided here include both translational and 
rotational degrees of freedom, as well as the potential 
for non-rigid connections between substructures. 
 
Experimental results are provided for a plastic prismatic 
beam and it is shown that force signals can be recovered 
from acceleration measurements at: 1) the force input 
position; and 2) other locations. An impact force was 
applied so that a broad range of structural modes would 
be excited simultaneously and, therefore, provide a 
rigorous test for the approach. Experimental results are 
also shown for a modified beam geometry, where the 
mechanical properties determined from a fit to the direct 
displacement-to-force receptance at the end of the free-
free original beam are used to develop a receptance 
coupling model for the new beam geometry. 

Measurements and predictions are shown for both direct 
and cross receptances. Force reconstruction from 
accelerometer data, again using both direct and cross 
model receptances, is also provided. 
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