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1 - Introduction 

 
Coordinate Measuring Machines (CMM) calibration has been widely investigated by researchers 

and the methods of mathematical modeling, comparison and performance tests are applied to 
determination of measurement uncertainty. Mathematical modeling is the method most suitable to 
determine the uncertainty of CMM measurements and its application involves the calibration of the 
CMM geometric errors. Its use request high price equipment such as laser interferometer and it is time 
consuming. The comparison method request a standard artifact identical to measuring part, but it is not 
suitable when there are different characteristics to be measured in a given piece [1]. The performance 
tests are not time consuming and request different artifacts to be carried out [2]. There are some 
international standards concerning application of performance tests and they are largely accepted among 
CMM users. The utilization of statistical methods may complement the analysis of the results and it may 
provide sufficient estimates of measurement uncertainty [3]. 

This work proposes a method to estimate Coordinate Measuring Machines (CMM) measurement 
uncertainty. The method proposed was carried out using a one-dimensional calibrated gauge and the 
statistical method of design of experiments. A performance test experiment was planned using this 
statistical technique to investigate the CMM error sources or CMM variables. An experimental design 
was selected among several designs of experiments with the purpose of reducing the amount of 
experimental runs. The experimentation was accomplished modifying the levels or values of the selected 
CMM variables to intentionally stimulate the variability of the results. The use of analysis of variance 
(ANOVA) allowed the determination of the most significant variables affecting the CMM errors and the 
measurement uncertainty associated to each experimental variable was determined.  
 
2 - Experimental design 
 
 Design of experiments may be summarized as a group of techniques applied to investigate 
interrelation among several variables involved in a given phenomenon. Its application involves the 
planning of an experiment, the data acquisition and a statistical analysis. The first stage is carried out by 
selection of an experimental plan, as a function of the number of experimental variables investigated and 
the total number of trials or runs desired. After data acquisition, analysis of variance (ANOVA) 
technique is applied to identify the most significant variables influencing the result [4]. 

An engineering problem may be characterized as a system where external input variables are 
influencing the output variables and any experimental investigation must begin by its identification. In 
general, we can represent a function relating these variables as the equation 1, where y is the output 
variable and x1, x2, ... , xn are the input variables. This representation is in agreement with ISO Guide 
recommendation to assess measurement uncertainty [5].  

 
( )nxxxy ,,, 21 �=                                           (1) 

 
The experimental plan establishes a given number of combinations of the experimental variables 

in its levels or values adopted. Many specific plans or designs have been used mainly at process and 
engineering design experimentation. The factorial design is largely used and an example is the 32 
factorial design. The 32 design allows the investigation of two input variables in three levels or values 



each by realizing nine experimental trials or runs. All combinations of these two variables in three levels 
are represented by an experimental array [4]. Equation 2 shows a function relating these two variables in 
a 32 factorial design. 
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In this equation, the Greek letter µ represents the arithmetic mean of all determined values of 

response variable. The letters τ and β represent the effects or change in response variable caused by 
changing the levels of input variables A and B, respectively. The effect τi is determined computing the 
difference between the mean of response variable (when variable A is at level i) minus µ. The effect βj is 
determined in the same way. The response variable y can be estimated by the summation of the mean µ 
plus the effects τi and βj, plus the effect of interaction between the variables A and B (τβ)ij. There would 
be a deviation caused by uncontrolled variables and it is the residual error represented by ε. When 
measuring the response variable y, the combined standard uncertainty may be determined by 
experimental variance Vijl that is related to the uncertainties associated to the effects of variables A (στ) 
and B (σβ), interaction AB (στβ) and residual error (σ) and showed by equation 3 [3, 5].  
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 These uncertainties at the right side of equation 3 are the components of variance and may be 
determined using the values of mean squares obtained when performing ANOVA [4]. The approach of 
determining uncertainty by using design of experiments and ANOVA was mentioned at ISO Guide to 
the expression of uncertainty in measurement (1993) and was used in recent publications [3, 6].  
 
3 - CMM Application - results and discussion 
 

The determination of measurement uncertainty using performance tests has some degrees of 
complexity due to the great number of variables influencing the measurement errors. The input variables 
are those that affect measurement uncertainty, like probe, machine structure and measurement strategy. 
The output variable y may be considered the measurement error. The relation imposed by equation 1 
means that any change in x1, x2, ..., xn values become change in y value. 
 The input variables to be investigated must be those who promote high change in response 
variable. But, it is imposed by statistical theory that the effects observed when changing the levels of 
each variable must be independent and normally distributed with mean zero and standard deviation σ, or 
N.I.D.(0, σ). Thus, it is preferred continuous input variables instead of discrete input variables. After 
carefully study, it was considered as input variables the length course, the length measurement 
orientation in work volume and the position in work volume in wich length will be measured. These 
variables are influenced by other CMM error sources, such as geometric errors, and they are called 
operational variables in this work. 

The traceability of measurements was performed by using ball bar gauges with combined 
standard uncertainty equal to 1 µm. The proposed method was carried out using a Moving Bridge CMM, 
work volume 350x400x300 mm, located at Metrology Laboratory, University of São Paulo, Brazil. The 
experimental device used to support ball bar over CMM is showed by figure 1. One touch trigger probe 
was used, with a stylus in vertical direction. The ball bar length was measured with CMM touching 
seven points each ball of the gauge. The own CMM software was used to determine the balls center-to-
center length. The measurement error was determined by length measured minus calibrated and each 
value was determined three times. 



 
Figure 1 - Experimental construction 

 
Instead of use factorial design, it was used a Taguchi L9 modified experimental plan to reduce 

the number of runs required to investigate five variables. This array is showed by table 1, where the 
letters A, B, C, D and E represents the variables (A) position along X-axis, (B) position along Y-axis, 
(C) position along Z-axis, (D) length measured, (E) orientation in work volume. The numbers 1 to 3 in A 
to D represent the levels of each variable, and E1 to E6 represent the levels of variable E. In this array, 
each line correspond to one run that is carried out combining the levels of the five variables. 
 

Table 1 - L9 modified Taguchi array 
 

E RUN A B C D 
E1 E2 E3 E4 E5 E6 

1 1 1 1 1       
2 1 2 2 2       
3 1 3 3 3   RESULTS   
4 2 1 2 3       
5 2 2 3 1  (MEASUREMENT   ERRORS)  
6 2 3 1 2       
7 3 1 3 2       
8 3 2 1 3       
9 3 3 2 1       

 
 
 The mathematical model is showed in equation 4. The effects of input variables A, B, C, D and 
E are the Greek letters τ, β, γ, δ and η, respectively. The expression to determine measurement 
uncertainty was obtained applying error propagation and the result is showed in equation 5. In this 
equation, the components of variance στ, σβ, σγ, σδ and ση are estimates of standard uncertainty 
associated to variables A, B, C, D and E. 

ijloqwqoljiijloqwy εηδγβτµ ++++++=       (4) 
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 These components of variance may be determined according to equations 6 to 10, where the 
values MSA, MSB, MSC, MSD and MSE are the mean squares deviation of variables A, B, C, D and E, 
obtained with ANOVA analysis. MSR is the residual mean squares deviation, associated to variables not 
considered in experimentation. The letters a, b, c, d and e are the level of variables and r is the 
replication number.  
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The ANOVA results showed that the different orientations and ball bar lengths change the 

measurement errors in a statistically significant way (99%). The standard uncertainties were 1 µm (A), 1 
µm (B), 2 µm (C), 4 µm (D) and 17 µm (E). The results were compared to performance test proposed by 
ANSI/ASME B89 standard and some complementary tests were performed to verify the uncertainty 
statements and the results were in agreement. 
 
4 - Conclusion 
 

The design of experiment techniques is a helpful tool to investigate the measurement uncertainty 
and its use is suitable when type A uncertainty sources are predominant. In the CMM application 
performed, it was found that the object orientation in CMM work volume answers for the main portion 
of measurement uncertainty. Besides, these techniques can be used to estimate uncertainty sources in 
industrial processes. 
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